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1、概况：量子相变

A  phase transition between different quantum phases, 
Contrary to classical phase transitions, quantum phase 
transitions can only be accessed by varying a physical 
parameter—such as magnetic field or pressure—at absolute 
zero temperature.
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Finite-T phase diagram of the d = 1 quantum Ising model



1、概况： 拓扑量子相变

拓扑量子相变往往临近于某个拓扑态，需要引入规范场以及

分数化的自由度。

使用陈数、Berry相等描述拓扑量子相变，包括拓扑绝缘体、

拓扑超导体、拓扑量子计算、自旋量子霍尔效应等。



The interaction between particles are large compared 
with their kinetic energy.

The growing list of strongly correlated systems include:

• Cuprate and Iron-Based superconductors.

• Heavy electron compounds.

• Fractional quantum Hall system.

• Cold atomic gases.

2、强关联系统

The interactions amongst electrons in localized 3d-shells form an 
AFM Mott insulator, which develops HTSC when doped.

The localized magnetic moments immersed within the metal give rise to 
electrons quasiparticles with  effective mass ~1000 bare electron mass.

The interactions between electrons in the lowest Landau level generate 
a incompressible state with quasiparticles of fractional charge and statistics. 

The interactions between the neutral atoms governed by two-body resonances,
can be tuned by external magnetic fields.



2、强关联系统： 高温超导（1986）



2、强关联系统： 铁基超导（2008）



2、强关联系统： 光晶格冷原子（2002）



A、调节相互作用

2、强关联系统： 强关联效应和量子相变

特点：调控相互作用、组份、晶格参数、维度
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B、调节维度

2、强关联系统： 强关联效应和量子相变

特点：调控维度、相互作用、组份、晶格参数

三维晶格

二维晶格

一维晶格



C、调节组份

2、强关联系统： 强关联效应和量子相变

特点：调控相互作用、组份、晶格参数、维度

(a) 单组份

超流-绝缘体相变
(PRA03)

超逆流相（SCF）
(PRL07)

向列相（nematic）
(PRL08)

(b) 双组份 (c) 三组份



D、调控几何结构

2、强关联系统： 强关联效应和量子相变

特点：调控维度、相互作用、组份、晶格参数

狄拉克玻色子
(PRB10)

阻挫态
(PRA10)

超固体
(PRA10)

三角格子 平方格子六角格子



åå -

><

+ +-=
i

siteon
i

ij
jiij HCCtH

s
ss

åå -

><
+-

i

siteon
ij

ji
iij Hcct )()(

,

* tt s
s

s

)())(([
0

* tm
t

tt s
b

s
s i

i
i ccdS -

¶
¶= ò å

Hubbard Model

å +++ ++=
s

sssssse
k

kkkkkkimp accaVaaH )]([

],[ ss ccH siteon +-+

Anderson Impurity Model

])'()]'()[(['
0

1
0

*

0 ò åò --= -b

s
ss

b
tttttt

i
iiieff cgcddS

ò å -+
b

t
0

i

siteon
iHd

Weiss 分子场 )'(])([)'( 121
0 ttde

t
m

t
tt -+

¶
¶--

¶
¶-=- å --

k
kkVg

After Fourier transformation: å -
-+=-

k kn

k
nn iw

Viwiwg
e

m
2

1
0 )(

(1)

(2)

2.1、团簇动力学平均场方法：



Dynamical Mean Field Theory (DMFT)

In D=∞ limit, we can get:

)()( nijnij ii wdw S=S

This means that the self-energy is k-independent:

)(),( nn iik ww S=S

In D=∞ limit, we can get:

So we get:
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impH

Impurity solver
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Dynamical Mean Field Theory (DMFT)



Cluster Dynamical Mean Field Theory (CDMFT)

CDMFT loop

(1)  In CDMFT approach, many body problem is truncated by introducing 
a finite basis set of orbitals to truncate self-energy. 
(2)  It introduces cluster self-energy and lattice self-energy as 

independent entities.



The CDMFT in the mathematical language
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We construct  a  super-lattice Green’s function assuming the 
cluster–self-energy       local as in DMFT (the term local covers a 
range of size of the cluster-impurity).

mnS

K is defined in a Reduced Brillouin Zone
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Guess a self-energy
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Iterative loop

Analysis Part
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W. Wu, Y. H. Chen, H. S. Tao, N. H. Tong, W.M. Liu, Phys. Rev. B 82, 245102 (2010)

2.2、六角晶格：



低能态密度
CDMFT结果：低能态密度不随相互作用强度而变化，这是考

虑非局域关联的结果。

相图

系统存在一个由半金属到非磁绝缘体的连续相变。零温相变

Uc / t  ~ 3.3 。



单粒子谱函数

相互作用 Dirac 费米子Mott相变是反铁磁涨落所引起的，如

单粒子谱函数所示。

温度相图



Z. Y. Meng, T. C. Lang, S. Wessel, F. F. Assaad, A. Muramatsu, Nature 464, 847 (2010)



(a) Illustration of honeycomb lattice. The dashed line sketches the six-site 
cluster scheme. (b) The first Brillouin zone of honeycomb lattice. The 
linear low-energy dispersion relation displays conical  shapes near Fermi 
level.

量子自旋霍尔效应

W. Wu, S. Rachel, W. M. Liu, K. Le Hur, Phys. Rev. B 85, 205102 (2012)



相互作用体系的量子自旋霍尔效应

• 问题的起源: 量子霍尔效应导致电场下二维材料中存在无耗散
的边缘电流。

霍尔电导的大小只与费米面下朗道能级的个数相关, 与杂质等非本征因素无关。



相互作用体系的量子自旋霍尔效应

• 没有磁场 — 即没有朗道能级的量子霍尔效应

量子反常霍尔效应， 量子自旋霍尔效应 等

• 量子自旋霍尔效应：Kane-Mele 模型

• 相图：



相互作用体系的量子自旋霍尔效应

• 模型： Kane – Mele – Hubbard 模型

U=0 时，体能隙：

U = 0 时，边缘态



相互作用体系的量子自旋霍尔效应

• 大U极限，自旋-轨道耦合引起易磁化方向的改变。



相互作用体系的量子自旋霍尔效应
• 中等强度的耦合—相图.

SDW：反铁磁绝缘体,   SL：自旋液体

SM：半金属 TBI/QSH：拓扑绝缘体

shown (from right to left) for temperatures T = 0.025, 0.0125, and 0.005.



Temperature dependence of phase diagram at SOCλ=0.02. Inset: Single-particle 
gap Δsp and magnetization m vs. U is shown forλ=0.02 and T=0.025.

量子自旋霍尔效应



α-λ phase diagram of plaquette honeycomb model at U=0. Theα=1
line corresponds to KM model. Spectra for armchair ribbons (L=96) 
are shown atλ=0.15,α=1.5 (top, QSH phase) andα=0.48 (bottom, 
entrance of PI phase). Blue lines correspond to SM.

拓扑绝缘体



相互作用体系的量子自旋霍尔效应

相互作用使得边缘态模糊，并
重整化Plasmon速度。

边缘态的研究

方法: real space CDMFT



相互作用体系的量子自旋霍尔效应

• 当体的磁相变发生时，边缘态被破坏。

• 在量子自旋液体区域，有体能隙，边缘态不能存在。



相互作用体系的量子自旋霍尔效应
边缘态在实空间中的重新分布

边缘电子自由度受限，在有相互作用情况下其局域性较中央区域更强
，导致边缘态更容易被散射回中央。

CDMFT的弱点：过高估计边缘磁性



F.D. Sun, X.L. Yu, J. Ye, H. Fan, W.M. Liu, Scientific Reports 3, 2119 (2013) 

拓扑量子相变







H.S. Tao, Y.H. Chen, H.F. Lin, H.D. Liu, W.M. Liu, Sci. Rep. 4, 5367 (2014)

层间反铁磁体



Fig. 2  Metal-insulator phase diagram as a function of inter-layer hopping 
t1 and interaction U at T=0.1



Fig. 3 The evolution of double occupancy Docc as a function of inter-layer hopping 
t1 for different interaction U at temperature T=0.1. The dimer sites tend to be 
double occupied however non-dimer sites tend to be single occupied, with 
increasing t1.



Fig. 4 The density of states as a function of frequency v for different inter-layer hopping t1 at temperature 
T=0.1. (a), (e): The metallic phase at U=2.5 for A sites and B sites. (b): For A sites, as we increase t1, 
system undergoes a phase transition from etal (at U=3.5 and t1=1.8) to insulator (at t1=3.2).  (f): For B 
sites, same tendency occurs and the critical point is at about t1=3.2. (c), (g): The insulating phase at 
U=6.0. (d), (h): The density of states as a function of v for different U with fixed t1.



Fig. 5 The evolution of spectral function A(k, ω=0) near Fermi surface for different 
inter-layer hopping t1 at T=0.1 and U=3.5: (a) t1=1.0, (b) t1=1.8, (c) t1=4.0. The 
A(k,ω=50) when T=0.1 and t1=1.2 for different interaction U: (d) U=2.0, (e) U=2.8, (f) 
U=4.5.



Fig. 6  The evolution of magnetic order parameter m at T=0.1 and U=3.8. For t1=1.0, magnetic 
parameter m is nonzero and has opposite sign between A1/A2 sites and B1/ B2 sites. The 
system goes into anti-ferromagnetic phase. At large t1 magnetization of A1/A2 sites are 
more easily decreasing to zero while B1/B2 sites are still nonzero. The system is layer anti-
ferromagnetic phase. Single particle excitation gap DE denoted by dark green solid line and 
orange solid line, divide phase into PM, AFM, AFI and LAFI.



Fig. 7  Phase diagram of magnetic phase transition



FIG. 1: Triangular optical lattice

Y. H. Chen, W. Wu, H. S. Tao, W.M. Liu, Phys. Rev. A 82, 043625 (2010)

2.3、三角晶格：



Fig.3 Density of states Fig.4  Phase diagram



Y.H. Chen, H.S. Tao, D.X. Yao, W.M. Liu, Phys. Rev. Lett. 108, 246402 (2012)

三角 kagome 晶格
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图1 三角 kagome 格子示意图。 （a）具有不同非均匀性因子λ的三角 kagome 格子示意
图，λ=1 时系统是均匀的。 （b）三角kagome在 λ=1, U=0 情况下的第一布里渊区与费
米面。 (c）三角 kagome 在λ=1, U=0 情况下的态密度。



图2 当λ=0.6 时，三角 kagome 格子的相图。非均匀性λ使得三角 kagome 格子的相变
线发生变化。A 子格和B 子格的相变点发生分离，形成两种新的相：片绝缘体（
Plaquette Insulator）和Kondo金属（Kondo Metal）。





图7 三角 kagome 格子随相互作用 U 和非均匀性因子 λ 变化的相图。插入图（a）：顺磁
绝缘体中可能存在的共价键分布示意图。 插入图（b）：亚铁磁绝缘体的自旋分布示意图
。



FIG. 1  (a) Two dimensional lattice structure of Cu2+ in SrCu2(BO3)2; (b) Sketch of 
Shastry-Sutherland lattice, which is topologically equivalent to (a).

H.D. Liu, Y.H. Chen, H.F. Lin, H.S. Tao, W.M. Liu, Scientific Reports 4, 4829 (2014)

2.4、Shastry-Sutherland 晶格



Fig. 5  Evolution of the staggered magnetic order parameter m and the single 
particle gap △E as a function of U.



Fig. 6  t2-U phase diagram at T=0.1



Fig. 7  Phase diagram of interacting fermions



See Kane’s talk on Summer School lectures on Topological Insulators and Superconductors

3、自旋-轨道耦合系统



Berry phase (1984)

continuum case

discrete caseGauge invariant!
Observable!

3、自旋-轨道耦合系统



Chern number 

Wave function single valued
along the path

(choose a gauge!)

+
Closed path  (closed surface)

3、自旋-轨道耦合系统
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An intuitional definition for the distance :

Quantum distance, Quantum adiabatic approximation and  
the non-Abelian quantum geometric tensor 



Born-Oppenheimer 近似

Hartree 近似

3.1、第一性原理计算方法：

Hard problem to solve
Schrödinger equation

Formally
equivalent

“Easy” problem 
to Solve DFT

SE DFT

Electron
Interaction
External potential

Non-interacting electron
(KS particle)
Effective potential

Properties of the 
system



Density Functional Theory (1964)

Hohenberg-Kohn定理

Kohn-Sham Equation
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LDA/GGA 
functional

Hubbard
correction
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Collecting the contributions:



Initial guess

nin(r)

Self-consistent?

Problem solved! Can now calculate energy, force, etc

Generate new n(r)

Yes

NO

How to solve the 
Kohn-Sham eqns. 
For a set of fixed 
nuclear (ionic 
position)



3.2、单层砷： Arsenene
M. Yang, W.M. Liu, arXiv: 1501.04350



(a)-(d) The band structure of arsenene under zigzag-direction 
strain 0%, 6%, 12% and 12.1%. 

(e)-(h) The orbital-projected band structures under 
12.1% strain.

Quantum topological phase transition



3.3、两层黑磷：

T. Zhang, J.H. Lin, Y.M. Yu, X.R. Chen, W.M. Liu, arXiv: 1502.01805



Quantum topological phase transition



X.L. Zhang, L.F. Liu, W.M. Liu, Scientific Reports 3, 2908 (2013)

3.4、硅：







3.5、方钴矿结构中的d-p反带拓扑绝缘体 IrBi3

M. Yang, W.M. Liu,  Scientific Reports 4, 5131 (2014)
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